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Abstract. Analyzing measurements of the LOPES antenna array together with correspond-
ing CoREAS simulations for more than 300 measured events with energy above 1017 eV and
zenith angles smaller than 45◦, we find that the radio wavefront of cosmic-ray air showers
is of hyperbolic shape. At axis distances & 50m, the wavefront can be approximated by a
simple cone. According to the simulations, the cone angle is clearly correlated with the shower40

maximum. Thus, we confirm earlier predictions that arrival time measurements can be used
to study the longitudinal shower development, but now using a realistic wavefront. Moreover,
we show that the hyperbolic wavefront is compatible with our measurement, and we present
several experimental indications that the cone angle is indeed sensitive to the shower develop-
ment. Consequently, the wavefront can be used to statistically study the primary composition45

of ultra-high energy cosmic rays. At LOPES, the experimentally achieved precision for the
shower maximum is limited by measurement uncertainties to approximately 140 g/cm2. But
the simulations indicate that under better conditions this method might yield an accuracy for
the atmospheric depth of the shower maximum, Xmax, better than 30 g/cm2. This would be
competitive with the established air-fluorescence and air-Cherenkov techniques, where the ra-50

dio technique offers the advantage of a significantly higher duty-cycle. Finally, the hyperbolic
wavefront can be used to reconstruct the shower geometry more accurately, which potentially
allows a better reconstruction of all other shower parameters, too.
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1 Introduction

At the current state of technical development, air showers are the only access to ultra-high-
energy cosmic-ray physics. Radio measurements of air showers become effective at primary75

particle energies & 1017 eV. Distinguishing different scenarios for the still unknown origin
of ultra-high energy cosmic rays requires knowledge of the cosmic-ray composition at these
energies. Measuring the longitudinal air-shower development is the presently best method for
the reconstruction of the mass of the primary particles, since the shower development depends
on a statistical basis on the mass of the primary particle: heavy nuclei interact on average80

earlier in the atmosphere than light nuclei. Thus, the air-shower development of heavy nuclei
starts at a higher altitude, which leads to a lower atmospheric depth of the shower maximum,
Xmax, i.e. a larger distance to ground, and consequently causes different signatures in all
secondary products (particles and radiation) of the air shower.

Established methods for Xmax measurements and the derived cosmic ray composition85

are the detection of air-fluorescence and air-Cherenkov light of air showers. However, these
methods are restricted to dark nights and good weather conditions. The radio emission of air
showers is also sensitive to the longitudinal shower development [1], and can be detected with
a considerably higher duty-cycle of almost 100%. However, it still has to be demonstrated
that the Xmax precision of radio measurements can be competitive, not only for very dense90

antenna arrays like LOFAR [2], but also for sparser, large-scale arrays which can be built at
reasonable costs.

– 1 –



The origin of the radio emission of air showers is well described in other papers. For
instance, recent overviews are available in Refs. [3–5]. At typical measurement distances
up-to a few 100m of the shower axis, the radio emission is coherent for frequencies in the95

order of . 100MHz. The dominant mechanism for the emission is the geomagnetic deflection
of the secondary electrons and positrons in the air shower inducing time-varying transverse
currents [6, 7], but also other effects play a role. In particular, the Askaryan effect [8, 9] is
non-negligible, i.e., radio emission due to a time variation of the net charge in the shower.
Moreover, the refractive index of the air influences the coherence conditions, which leads to100

observable effects in the lateral distribution of the radio amplitude [10], and also affects the
radio wavefront. All these effects are included in the CoREAS [11] Monte-Carlo-simulation
code used for this paper. Other contributions to the radio emission might exist, but have not
yet been predicted or demonstrated to be significant.

The results presented in this paper, are based on interferometric LOPES measurements105

and CoREAS simulations made for the measured events. LOPES is a first-generation digital
antenna array which was operating from 2003 to 2013 at the Karlsruhe Institute of Technology
(KIT), Germany. LOPES is limited in precision, in particular because of the limited size and
the large radio background. Nevertheless, LOPES has the advantage that it is triggered by
the co-located particle-detector array of the KASCADE-Grande experiment, which provides110

well-calibrated measurements of the same air shower. Consequently, LOPES is a pathfinder
experiment to study the principles of the radio emission and to develop analysis techniques
for the radio measurements. But, it is not a precision experiment, which already could
compete with the precision of established techniques for air showers, like air-fluorescence,
air-Cherenkov, or secondary particle measurements. Consequently, the focus of the present115

analysis is the principal dependencies of the radio wavefront on other shower parameters and
the development of a specific method for Xmax reconstruction. More detailed analyses aiming
at higher accuracy can better be done by recently started antenna arrays, like LOFAR [12],
AERA [13] and Tunka-Rex [14].

The longitudinal shower development and, thus, Xmax can be accessed from radio mea-120

surements in at least three different ways:

First, the lateral distribution of the radio amplitude [1, 15, 16]. For showers with more
distant shower maxima, the lateral distribution is flatter. Vice versa, for closer shower maxima
the amplitude decreases faster with increasing distance to the shower axis. This method has
recently been exploited for a first reconstruction of Xmax based on measured LOPES events125

[17].

Second, the slope of the frequency spectrum of the radio signal and the pulse shape
depend not only on the distance to the shower axis, but also contain information on Xmax [18].
However, the applicability and achievable precision of this method has not yet been studied
in detail. At LOPES, this method cannot be applied due to the strong radio background.130

Third, the shape of the radio wavefront depends on the longitudinal shower development.
This has been theoretically studied earlier [19], and the present work brings significant news
in several aspects. Newer simulations are used including all known, significant effects of
the radio emission, and a new analytical description, namely the hyperbolic wavefront, is
proposed. Moreover, for the first time, the wavefront is applied to measured data for the135

reconstruction of the shower maximum. In addition, the hyperbolic wavefront brings the
benefit that the reconstructed shower geometry can be improved compared to spherical or
plane wave assumptions.
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Figure 1. Comparison of a spherical, a conical, and a hyperbolic wavefront for typical parameters.
While the spherical wavefront is a good approximation for the hyperbola close to the shower axis, the
conical wavefront becomes a sufficient approximation at axis distances d & 50m.

2 Definition of the Radio Wavefront

There are several ways to define the radio wavefront, and certainly several ways to determine140

it from data. We define the radio wavefront as the surface where the radio amplitude is
maximum. Obviously this definition implies that the radio wavefront depends on the obser-
vation level and also on the observed frequency band, since this determines the pulse shape.
Consequently, our analysis is in particular valid for the effective bandwidth of LOPES which
is 43− 74MHz and the altitude of LOPES, which is 110m above see level. The results, and145

in particular the parameters used for the reconstruction of Xmax, might be different for other
frequency bands and observation levels.

Furthermore, the wavefront propagates towards Earth with the air shower and poten-
tially changes its shape during shower development. Therefore, we also have to define a time,
at which we study the wavefront. The natural choice is the time t0 when the wavefront touches150

ground at the air shower axis. t0 is known for the simulations. In principle, t0 is accessible
also by experiments, but practically a measurement is challenging, and the consequences for
LOPES will be discusses later.

While for the radio amplitude asymmetries with respect to the shower axis have been ob-
served [20, 21], and are expected due to the interference of the geomagnetic and the Askaryan155

effect during the radio emission, no significant asymmetry has been reported for the arrival
time. For this reason, we studied only radio wavefronts symmetric around the shower axis. In
the simplest approximation the radio wavefront is a plane perpendicular to the shower axis,
which corresponds to an infinite distant source. This approximation is sufficient to estimate
the shower direction within a few degrees, but already early LOPES results [22] showed that160

this is oversimplified compared to the achieved measurement precision.
The next reasonable approximations are wavefronts depending on one free parameter,

in particular a sphere and a cone. While a sphere would correspond to a static point source
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Figure 2. Geometrical delays τgeo(d, zs) in dependence of the antenna position in shower coordinates
(d, zs) for a hyperbolic wavefront; b is the offset parameter and ρ the cone angle of the asymptotic
cone which is approached by the hyperbola at large distances; c is the speed of light, θ the zenith
angle of the air shower, and τproj(d) is the geometric delay when the antenna position is projected to
the shower plane (d, zs, b are parameters in space [m] or time [ns], respectively, if multiplied with c;
ρ, θ are angles [rad]).

approximation, a moving source or a line source, according to Huygens’ principle, ought to
generate a conical wavefront - like a ship on a lake generates a conical bow wave. As we165

will see, a combination of a sphere and a cone, namely a hyperbola, gives an even better
description for the radio wavefront of air showers: It is spherical very close to the shower axis,
which might be an effect of the finite extension of the air shower, and it approximates a cone
at larger distances.

Figure 1 shows these wavefronts using parameters corresponding to a typical near vertical170

shower measured with LOPES. The figure illustrates that for an antenna array like LOPES
with an extension of 200m and a typical distance between antennas of ∼ 30m, it is difficult
to distinguish between the different non-planar wavefronts: the typical event has no or only a
few antennas in the relevant distance range, very close or very distant from the shower axis.
Still, the simulations clearly point to a hyperbolic wavefront, and with LOPES we achieve the175

highest precision for the arrival direction using the hyperbolic model. Nevertheless, a final
experimental test between these models should be possible with the dense LOFAR core, which
features a sufficient number of antennas both within the first 30m and as well at distances
beyond 200m.

2.1 Analytic description180

The radio wavefront can be analytically described as function of the geometric delay τgeo at
each antenna position, which is the delay of the wavefront with respect to the shower plane,
i.e., the plane perpendicular to the shower axis containing the shower core (= point of the
axis with the ground). This means that τgeo can be determined experimentally by measuring
the arrival time at each antenna, provided that the shower direction and the shower core are185

known accurately enough.
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For a plane wavefront, τgeo is constantly 0. For any of the discussed wavefronts, which
all are symmetric around the shower axis, τgeo obviously is a function of the distance d to
the shower axis. Moreover, since the antennas typically are not located in the shower plane,
τgeo depends on the distance between the antenna and the shower plane zs (corresponding to190

the ‘height’ in shower coordinates). Thus, by definition τgeo is exactly 0 at the shower core
(d = 0 and zs = 0), but typically different elsewhere (see figure 2).

For the hyperbolic wavefront we use the following parametrization describing the geo-
metric delays as function of the coordinates (d and zs) and two parameters ρ and b:

c τgeo(d, zs) =
1

c

√

(d sin ρ)2 + (c · b)2 + zs cos ρ+ b (2.1)

with the speed of light c. ρ is the angle between the asymptotic cone of the hyperbola and195

a plane perpendicular to the shower axis, and b is the offset of this cone to the hyperbola at
the shower axis, i.e. at d = 0.

Since the two-dimensional wavefront function τgeo(d, zs) is difficult to illustrate, we also
introduce a one-dimensional projection used for plotting (the numeric results in this paper are
still obtained with the two-dimensional function). For this purpose, the antenna positions are200

projected on the shower plane. The corresponding projected geometric delays are c τproj(d) =
c τgeo(d, zs) − zs. For the parameter range studied at LOPES (d < 200m and θ < 45◦) this
is a very good approximation. Since ρ is small, zs cos ρ ≈ zs, and the hyperbolic wavefront
equation simplifies to:

c τproj(d) =
√

(d sin ρ)2 + (c · b)2 + b (2.2)

For completeness, we also give the equations for the spherical and conical wavefront205

which have been used in earlier LOPES analyses. Especially the conical wavefront might still
be a useful simplification for larger antenna arrays, for which the wavefront shape within the
first 50m to the shower axis is irrelevant.

c τgeo,sphere(d, zs) =

√

(
1

κ
+ zs)2 + d2 −

1

κ
(2.3)

≈ zs +
1

2
κ (d2 +

z2s
2
) (2.4)

c τproj,sphere(d) =
1

c
(
√

1/κ2 + d2 − 1/κ) (2.5)

c τgeo,cone(d, zs) = d sin ρ+ zs cos ρ (2.6)

≈ zs + ρ d (2.7)

c τproj,cone(d) = d sin ρ (2.8)

with the distance d to the shower axis, the antenna height in shower coordinates zs, the speed
of light c, the curvature κ (= reciprocal of the radius of curvature, respectively, the source210

distance rc), and the cone angle ρ between the cone and the shower plane. The approximations
apply for the conditions κd, κzs ≪ 1 and ρ ≪ 1, respectively, which for LOPES is well fulfilled,
since the typical distances d and zs are at most a few 100m, while the typical curvature radius
rc = κ−1 is a few km, and the typical cone angle ρ is below 2◦.

In principle, also more detailed functions with additional parameters could be considered.215

E.g., in reference [19], a curved wavefront with four parameters is suggested. However, even
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cores of the measured events (stars); antennas indicated by open triangles have been switched off end
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events measured in 2005 or 2006 (95 out of 316 events).

testing a two-parameter function like the hyperbola is at the limit of what is possible with
the precision of LOPES. Furthermore, the simulations show that under ideal conditions the
hyperbola is sufficient to achieve an Xmax precision competitive to established techniques,
and the practically achieved precision is limited by measurement uncertainties, but not by220

the wavefront function. Consequently, at the moment there is no need to investigate wavefront
functions more complex or detailed than the hyperbola.

3 Data, Reconstruction, and Simulation

The present analysis of the radio wavefront is based on 316 air shower events detected by
both the KASCADE particle detector array [23] and the LOPES digital radio interferometer225

[24]. Moreover, for each measured event we have performed two corresponding CoREAS [11]
simulations, one for a proton as primary particle and one for an iron nucleus as primary
particle.

3.1 Measurements

The measurements have been performed with the LOPES antenna array, which digitally230

records the radio signal in the effective bandwidth between 43 − 74MHz. A LOPES event
is triggered and recorded whenever the KASCADE particle detector measured a high energy
cosmic ray event. The detection threshold of LOPES depends on the arrival direction (e.g.,
the geomagnetic angle) and is in the order of 1017 eV. Detailed descriptions of the LOPES
experiment, its hardware and calibration procedures can be found in various references (see235

references [25, 26] for summaries of recent LOPES analyses). In the following sections, we

– 6 –



will explain only the aspects of the LOPES experiment and the data reconstruction relevant
for the wavefront analysis.

For this analysis, only measurements with east-west aligned LOPES antennas have been
used, although LOPES contained also north-south and vertically aligned antennas for a part240

of the total operation time (2003-2013). The reason is that, due to the dominant geomagnetic
origin of the radio emission, the signal-to-noise ratio is highest in the east-west aligned anten-
nas for most shower geometries, which consequently provide the largest statistics. Moreover,
we excluded data taken before 2005 because of the calibration quality and data after 2009,
because then the antenna type was changed.245

The selection criteria for the used set of events are the same as in reference [27]: in
particular, the reconstructed energy has to be larger than 1017 eV, the zenith angle smaller
than 45◦, the shower core has to lie within 90m ground distance of the KASCADE center.
Moreover, we applied several quality cuts on the radio signal to exclude background signals,
e.g., we exclude events measured during thunderstorms, and require a minimum signal-to-250

noise ratio depending on the number of antennas contributing to a specific event (see figure
3 for the core distribution of the remaining events). In contrast to the analysis described in
reference [27], we did not use events which are reconstructed only by the high energy extension
KASCADE-Grande, since the shower core of those events is not contained within the LOPES
antenna array, which we considered mandatory for any wavefront reconstruction. This way,255

we obtained the sample of 316 measured LOPES events used for this analysis.

3.2 CoREAS simulations

The 316 measured events are accompanied by two sets of simulated events, one set with air
showers initiated by protons, and one set with iron nuclei as primary particle. Each set is
composed of one simulation for each measured event. As simulation program we have used260

CORSIKA [28] for the air showers, and the CoREAS extension [11] for the radio emission.
CoREAS is based on the end-point formalism [29] and calculates the complete radio emission
due to the acceleration, annihilation and production of charges. This means that CoREAS
implicitly contains all emission mechanism which have been experimentally confirmed (cf. sec-
tion 1).265

The energy and geometry reconstructed by KASCADE for each event have been used as
input for the simulations. Thus, the geometry and energy distribution of the measured and
simulated events is the same, and the results can be compared directly. The calculation of
the radio emission by the air shower is based on the particle cascade simulated by CORSIKA
using the US standard atmosphere and the hadronic interaction models QGSJetII.03 [30] and270

FLUKA [31].
As the measurements, the simulations are affected by shower-to-shower fluctuations,

which means that the shower maximum for each event will be different for the proton and
iron simulations, and different to the unknown shower maximum of the measurements. Nev-
ertheless, the statistics is large enough that the average characteristics are representative. In275

particular, the different simulations cover a range of ρ and Xmax which is wide enough to
study correlations between both variables and with other shower parameters.

The CoREAS simulations are not affected by background and give us the exact arrival
time at each antenna position (within negligible numerical and sampling uncertainties). Fur-
thermore, the arrival time at the shower core t0 is extracted from the simulations. To make280

the simulations comparable to the measurements, we used only the east-west polarized part
of the signal and applied a filter to the effective bandwidth of LOPES (43− 74MHz).
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Figure 4. Distribution of the offset parameter b determined by fitting a hyperbolic wavefront to the
simulations. To decrease the number of free parameters in the wavefront fit, b has been fixed to −3 ns
for the later analysis. This substantially improved the correlation of the fitted cone angle ρ with the
position of the shower maximum.

More details of the simulation procedure can be found in reference [27]. There we
used the same simulations to compare the lateral distribution of the radio amplitude to the
measurements. The only discrepancy we found when comparing CoREAS to LOPES was the285

absolute scale of the amplitude: because of a still unknown reason, the measured amplitudes
exceed simulations by a constant factor of approximately 2.5 [27]. All other tested features
are compatible with the measurements, in particular the dependencies on the energy and
shower geometry and the slope of the lateral distribution. For this reason, we have chosen
CoREAS also for the present wavefront analysis. As a cross-check we repeated the analysis290

also with REAS 3.11 [32] simulations, and obtained consistent results.

3.3 Wavefront reconstruction

For the reconstruction of the wavefront we used equation 2.1 for the LOPES measurements
as well as for the simulations. However, the reconstruction process is different in the two
cases. For the simulations, we fit the wavefront to the exactly known pulse arrival times at the295

individual antennas simulated for each event. For the measurements, we use an interferometric
method, namely cross-correlation beamforming. The reasons for treating simulations and
measurements differently are purely technical:

In contrast to the simulations, for the measurements t0 is not known. Thus, it would
have to be introduced as additional free parameter in a wavefront fit. This would consider-300

ably increase the fit uncertainties, in particular since t0 would be correlated with ρ in the
fit. The beamforming technique only depends on the shape of the wavefront, but not on t0.
Consequently, it is ideal for the measurements. However, the beamforming technique would
not bring any significant benefit for the simulations, since the wavefront can be determined
directly by a fit. This provides the advantage that the statistical uncertainties of the wave-305

front parameters can be obtained from the fit, which unfortunately is not possible for the
beamforming technique.
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Figure 5. Two example events: arrival times and fitted hyperbolic wavefront (equation 2.2 for b
fixed to −3 ns) for the LOPES measurements and CoREAS simulations for protons and iron nuclei as
primary particles; the measured and simulated arrival times are corrected for the expected arrival time
of an ideal plane wavefront, which would correspond to a horizontal line at 0 ns. Since the simulations
are affected by shower-to-shower fluctuations, it is not expected that they would agree exactly with
the measurements for individual events, but only on average. The x-error bars of the measurements
are due to the uncertainty of the shower axis which is dominated by the core uncertainty; the y-error
bars are dominated by the uncertainty due to noise, and include also the small calibration uncertainty.

When fitting the hyperbolic wavefront to the simulations, in principle, we could perform
the fit with two free parameters b and ρ, but both would be correlated. Figure 4 shows the
distribution of b for the simulations, when letting b and ρ free in the fit. However, when fixing310

b, the remaining free parameter ρ has a higher sensitivity to the shower maximum, likely
because the interdependences between b and ρ are suppressed in this case. Consequently, the
wavefront is reconstructed with ρ as only free fit parameter, and we fixed the offset parameter
b to its typical value of −3ns for both simulations and measurements. For fixing b, the exact
value is less important: fixing b to −2ns or −4ns, instead, the finally obtained Xmax resolution315

changes by less than 15%, and is still almost twice as good than for a freely fitted b.

Figure 5 shows the reconstructed wavefront for two example events. For illustration also
the experimental data are shown in this example. However, we did not use the shown fit to
reconstruct ρ, but the beamforming technique for the measurements. This yields very similar
results, though, but is on average more accurate.320

The cross-correlation beamforming procedure used in LOPES is described in several
references [24, 25]. The digital recorded traces, i.e. the measured field strength as function of
time, are digitally shifted in time according to the geometric delays, in this case calculated
with equation 2.1. For this purpose, the shower core is set to the value of the KASCADE
reconstruction. The shower direction, however, is implicitly determined by the beamforming,325

since the antenna coordinates d and zs depend on the shower axis. In a first step, we evaluate
a three dimensional grid (d, zs, ρ), and in a second step, we maximize the cross-correlation
amplitude by optimizing the free parameters with a simplex fit. To speed up computing time,
we use the KASCADE values for the shower axis as starting point, but we have checked that
our grid is large and dense enough to avoid a systematic bias. The exact algorithms for the330

reconstruction process can be obtained directly from our reconstruction software, which is
available as open source [33].
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3.4 Uncertainties

While for the simulations, uncertainties are negligible, they play a significant role for the
LOPES measurements. There are three relevant types of uncertainties for the arrival time335

measurements. First, uncertainties on the determined arrival times themselves, in particular
due to background. Second, uncertainties on the time when the wavefront hits the ground
at the impact point of the shower axis, i.e. uncertainties on t0. Third, uncertainties on the
distance of each individual antenna to the shower axis.

3.4.1 Arrival time measurement340

Since LOPES features a ns-precise relative time calibration [34], calibration uncertainties
are negligible for typical measurements. Also possible uncertainties due to the sampling are
negligible, since the sampling frequency of LOPES (80MHz) is more than twice the effective
bandwidth (43 − 74MHz). Hence, according to the Nyquist theorem, the measured radio
signal can be fully reconstructed even in between the measured samples. For the present345

LOPES analysis, this is done using zero-padding up-sampling by a factor of 16, i.e., to sub-ns
precision. We experimentally tested the quality of this up-sampling procedure, by feeding
defined calibration pulses into our data acquisition at different times relative to the original
sampling. After up-sampling, we indeed obtained the same pulse shape to better than ns-
precision, independent of how the pulse fell relative to the ADC sampling. Consequently, for350

a typical measurement, neither the time calibration nor the sampling frequency of LOPES
contribute significantly to the arrival time uncertainty.

Instead, for typical signal-to-noise ratios the major source of uncertainty is noise, and
arrival time uncertainties due to noise typically reach a few ns. We have determined these
uncertainties for the pulse time in individual antennas with a small Monte Carlo simulation:355

By adding real, measured noise to measured pulses from a pulse generator, we could study with
high statistics how the measured pulse time depends on the signal-to-noise ratio. Details can
be found in reference [35]. The conclusion is that for air shower measurements with LOPES,
the arrival time uncertainty is between 2 and 17ns, depending on the signal-to-noise in the
individual measurement.360

3.4.2 t0 of the wavefront

Theoretically, t0 is well defined by the time when the radio wavefront touches ground at
the shower core (= intersection point of the shower axis with the ground plane). For the
simulations, t0 can be obtained directly by simulating an antenna at the shower core (only for
technical reasons we simulated antennas at 1 cm distance to the core). For the measurements,365

t0 cannot be determined directly, since the probability that the shower axis hits directly
one antenna is too low. In addition, the position of the shower core is not known exactly.
Moreover, the arrival time measurement at any antenna, including those close to the shower
axis, come with a significant uncertainty due to noise. For these reasons, a measurement of t0
is challenging and might only be achieved with extremely dense antenna arrays like LOFAR370

[12]. The difficulty to obtain t0 for the measurements is the principle reason, why we did not
fit the wavefront directly to the measured arrival time distribution, but instead determined
it by beamforming, because for beamforming only the shape of the wavefront is relevant, but
not the absolute pulse time.
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Figure 6. Deviation between the arrival direction reconstructed with the KASCADE particle detector
array and reconstructed with LOPES using three different wavefront shapes for the beamforming
analysis (corresponding to the three shown histograms and fitted Gaussians). The mean deviation
can be taken as upper limit for the direction precision of LOPES for air showers, which consequently
is best when using a hyperbolic wavefront for the cross-correlation beamforming.

Table 1. Mean and standard deviation of the reduced χ2 obtained with the different wavefront
shapes for the CoREAS simulations with iron and proton primaries. For the LOPES measurements,
no comparable χ2 can be given, since the wavefront is determined by beamforming and not by a fit.

wavefront shape reduced χ2 for
used for fitting proton sims. iron sims.
Sphere 0.82 ± 0.67 0.52 ± 0.48
Cone 0.37 ± 0.23 0.33 ± 0.17
Hyperbola (b = −3ns) 0.07 ± 0.07 0.04 ± 0.04

3.4.3 Geometry375

Since the wavefront depends on the arrival time as a function of distance to the shower axis,
not only time uncertainties matter, but also geometry uncertainties. However, at LOPES the
geometric uncertainties are relatively small compared to the large uncertainties due to noise.
The antenna positions relative to each other have been measured with differential GPS with
a precision of approximately 5 cm, corresponding to less than 0.2ns propagation time for the380

radio signal. The uncertainty of the shower core is reconstructed by the dense KASCADE
particle detector array with an accuracy of at least 4m [23]. This corresponds to correlated
errors in the arrival time of about 7ns for the average zenith angle of approximately 30◦. The
relative influence of the geometry uncertainty in comparison to the arrival time uncertainty
can be judged from figure 5 in which the geometry uncertainties are indicated as x-error385

bars, and the arrival time uncertainties are indicated as y-error bars. Thus, the geometry
uncertainty generally is smaller than the time uncertainty due to noise, but not completely
negligible. It might become more important for arrays with lower background level and larger
antenna spacing.
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Figure 8. Number of simulated events for which the fit of a certain wavefront shape gives the lowest
χ2. For the hyperbolic fit, the offset parameter has been fixed to b = −3 ns, such that all three
wavefront fits have the same number of degrees of freedom.

4 Results390

4.1 Wavefront shape

We found several indications that a hyperbolic wavefront provides a better description than
a spherical or conical wavefront. A simple plane wavefront has already been excluded in an
earlier analysis [22]. While for the simulations the situation is clear, the measurements are
affected by the large background level and we can only find hints, but no definite proof that395

a hyperbola comes closest to reality.
The experimental indications for the real wavefront shape are of indirect nature. The

arrival direction reconstructed with LOPES is slightly closer to the direction reconstructed
with KASCADE when using a hyperbolic wavefront instead of a spherical or conical wavefront
(figure 6). Although the improvement in the direction precision is small, it is significant:400

For (72 ± 5)% of the events, the hyperbolic beamforming comes closer to the KASCADE
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Figure 9. Dependence of the cone angle ρ on the zenith angle θ: mean values of ρ and statistical
uncertainties for equidistant bins of cos θ. For both, measurements and simulations, inclined showers
show on average a flatter wavefront. This can be explained by the larger distance of the detector to
the shower maximum.

direction than the spherical beamforming, and for (58 ± 4)% of the events the hyperbolic
beamforming is better than the conical one. Furthermore, the signal-to-noise ratio of the
cross-correlation amplitude is best for hyperbolic beamforming. But again the difference
is small, and of statistical significance only in the comparison to conical beamforming: for405

hyperbolic beamforming, the cross-correlation amplitude has a better signal-to-noise ratio
compared to spherical beamforming for (52 ± 4)% of the events, and compared to conical
beamforming for (60 ± 4)% of the events.

For the simulations, the comparison is much easier, since the quality of the different
wavefront fits can be compared directly, e.g., by comparing the reduced χ2. The absolute410

value of the reduced χ2 is not meaningful, since the individual arrival times have no statisti-
cal uncertainty for the simulation. Still, the χ2 values can be used to compare the different fits
with each other. In particular, since b has been fixed to −3ns for the hyperbolic wavefront,
the number of free parameters is equal for all three cases, and the χ2 for all three fits (spher-
ical, conical and hyperbolic wavefront) can be compared directly. The mean and standard415

deviation of the reduced χ2 for the different wavefronts are stated in table 1. Moreover, an
event-by-event comparison shows that the hyperbolic wavefront gives the best fit for approx-
imately 94% of the events (figure 8), even though the offset parameter b of the hyperbola has
been fixed, and thus is not optimal for each individual event.

Finally, we found no indication that the simulations would contradict the measurements.420

In particular, the distribution of the cone angle ρ is compatible (figure 7). Considering these
different indications, we decided to perform the remaining analyses only with the cone angle ρ
determined from a hyperbolic wavefront. Nevertheless, a conical or spherical wavefront might
be a sufficient approximation for some applications.
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reconstructed by KASCADE; individual data points and a profile (horizontal bars are at the position
of the mean in each bin, where the bin width is the size of the horizontal bars; the size of the vertical
bars is the standard deviation divided by the square root of the number of points in each bin). Older
showers with a large age typically have a more distant shower maximum, and thus are expected to
show a flatter wavefront, i.e., a smaller cone angle ρ. The correlation is weak, but the slope of a
fitted line is significantly different from 0. Unfortunately, the beamforming method does not provide
uncertainties for the measured data points.
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Figure 11. Correlation of the cone angle ρ and the slope parameter η of the lateral distribution for
the CoREAS proton simulations (left) and the iron simulations (right). As expected, showers with
a steeper lateral distribution (large η) also have a steeper radio wavefront (large ρ), since both are
affected by the distance to the shower maximum.

4.2 Correlation with shower parameters425

We have studied various correlations of the cone angle ρ with different parameters of the same
air showers. We find several indications that the steepness of the radio wavefront depends in
first oder on the geometric distance of the shower maximum to the detector and consequently,
on the shower development. However, the simplest geometric approximation of a radio point
source in the shower maximum fails, since the wavefront is not spherical, but hyperbolic.430

Thus, a deep quantitative understanding of the correlations between the wavefront shape and
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for the LOPES measurements; individual data points and a profile. The measured correlation shows
the same trend as the simulations (figure 11), but the fitted line indicates a different slope. Probably,
this is caused by the large measurement uncertainties causing a bias on the slope of the correlation.
Unfortunately, the beamforming method does not provide uncertainties for the measured data points.

the shower parameters is non-trivial and will depend on the details when modeling the radio
emission. Unfortunately, LOPES does not feature the required measurement precision for
detailed tests. Still, we see the expected correlations in our data, and will discuss them on a
qualitative level, which is sufficient for our phenomenological approach for the reconstruction435

of the shower maximum with the radio wavefront: the more distant the shower maximum
from the detector, the flatter the radio wavefront, i.e. the smaller the cone angle.

Consequently, the cone angle is correlated with the shower inclination (figure 9), since
the distance of the shower maximum to the detector depends not only on the atmospheric
depth of the shower maximum, Xmax, but also on the zenith angle θ. Moreover, the measured440

cone angle ρ is correlated with the shower age reconstructed from the KASCADE array (figure
10). Due to the large measurement uncertainties, the correlation is weak, but still statistically
significant, since the slope of a fitted line is inconsistent with 0. For the simulations, the
KASCADE age parameter is not available, but the true position of the shower maximum is,
which is an even better observable to test the correlation of ρ with the longitudinal shower445

development (see figure 13 in the next section).

Finally, we expect a correlation of the radio wavefront with another radio observable,
namely the slope of the lateral distribution, which is sensitive to the shower development, too
[1]. In reference [17], we have shown that the lateral distribution of the radio emission can
better be described by a Gaussian function with three parameter than with the previously450

used exponential function: ǫ ∝ exp(−η · d), with the amplitude ǫ, the axis distance d and the
slope parameter η. Still, due to the large measurement uncertainties, the exponential function
gives a sufficient fit to the majority of LOPES events, and offers the advantage that its two
parameters can be understood more intuitively: one parameter, namely the proportionality
constant, determines the amplitude scale and is almost linearly correlated with the primary455

energy [36], the other parameter, η, determines the slope, and is correlated with the distance

– 15 –



no correction for shower inclination: CoREAS ρ (rad)

0.01 0.015 0.02 0.025 0.03

550

600

650

700

750

800

850

900
CoREAS p

CoREAS Fe

tr
u

e
 X

m
a

x
 o

f 
s
im

u
la

ti
o

n
 (

g
/c

m
²)

0.035

 CoREAS ρ (rad), corrected for zenith dependency

0.02 0.025 0.03 0.035 0.04

550

600

650

700

750

800

850

900
CoREAS p

CoREAS Fe

 CoREAS ρ (rad), corrected for zenith dependency

tr
u

e
 X

m
a

x
 o

f 
s
im

u
la

ti
o

n
 (

g
/c

m
²)

Figure 13. Correlation of the cone angle ρ with the atmospheric depth of the shower maximum
Xmax before (left) and after (right) correction for the zenith angle; the systematic difference between
the proton and iron simulations is small compared to the average spread (cf. figure 14).

to the shower maximum [1]:
The smaller this slope parameter η, the flatter the lateral distribution, and the more dis-

tant the shower maximum. Indeed, we see a correlation between η and ρ for both simulations
(figure 11) and measurements (figure 12). The parameter range and the trend is the same for460

both, but a fitted line shows a steeper slope for the simulations. This can be explained by the
large uncertainties in the measurement. Although the individual measurement uncertainties
cannot be determined for the cross-correlation beamforming, the spread gives an impression
of the size of the uncertainties. When artificially increasing the spread of the simulations
by adding an additional Gaussian uncertainty of the expected order of magnitude, the slope465

of the correlation indeed changes significantly. Consequently, the different slope does not
constitute an incompatibility between measurements and simulations. Instead, it illustrates
the significant uncertainties for LOPES, and is the principal reason why we can confirm the
predicted and expected correlation only on a qualitative level.

4.3 Reconstruction of the shower maximum470

Since the wavefront shape, namely the cone angle ρ, depends on the longitudinal shower
development, it can be used to reconstruct the atmospheric depth of the shower maximum
Xmax. For this purpose, the zenith dependence (figure 9) has to be corrected to extract the
remaining sensitivity on Xmax.

We have chosen a phenomenological approach for this correction. In principle, also an475

analytical approach of the geometric dependence might be feasible. However, an analytic
approach would be highly non-trivial, because the fact that the wavefront is not spherical
implies that it is insufficient to assume a point source at the shower maximum for the geometry
correction. Thus, we have determined the dependence of ρ on cos θ by a power law fit to the
dependence observed in the simulations (cf. figure 9), and use the following equation for the480

correction of this zenith dependency:

ρcor = ρ · cos−γ θ (4.1)

with the zenith angle θ and a power law index γ determined by a fit. We found γ =
1.43 ± 0.02 for the proton simulations, and γ = 1.55 ± 0.03 for the iron simulations. For the
LOPES measurements, γ cannot be determined by a fit to the individual events, since the

– 16 –



0

10

20

30

40

50

60

70

n
u

m
b

e
r 

o
f 
e

v
e

n
ts

reconstructed X
max

 - true X
max   

(g/cm²)

-100 -50 0 50 100

 CoREAS p 

 CoREAS Fe

Mean

Std. dev.

- 6.6

26.6

Mean

Std. dev.

3.9

20.2

Figure 14. Deviation between the true atmospheric depths of the shower maximum, Xmax, of the
simulations and the values reconstructed from the hyperbolic wavefront.

uncertainties are too large. A fit to the profile shown in figure 9 yields γ = 1.42±0.14. Thus,485

the experimentally observed zenith dependence of ρ is in accordance with the simulations.
For this reason, we have decided to use the average γ of the proton and iron simulations,
namely γ = 1.485, to correct all simulations and the measurements.

Figure 13 shows that after this correction of the zenith dependence, there remains a
strong and approximately linear correlation of ρcor with Xmax. Consequently, Xmax can be490

determined with a simple linear equation:

Xmax = const · ρcor (4.2)

The proportionality constant has been determined by dividing the average true Xmax

of the simulations by the average ρcor. It is 25400 g/cm2 for the proton simulations, and
24900 g/cm2 for the iron simulations. For the LOPES measurements, we cannot determine
this constant, since we have no detector featuring a direct measurement of Xmax. Thus, to keep495

the approach simple, we again use the average value of the proportionality constant, namely
25200 g/cm2 , to reconstruct Xmax for all simulations and measurements. This means that a
change in the cone angle ρcor of 0.001 rad corresponds to a change in Xmax of approximately
25 g/cm2.

For the simulations, the accuracy of the reconstructed Xmax is not limited by the uncer-500

tainties of the individual data points, but by systematic uncertainties of the method. Thus,
we have not propagated individual uncertainties to the reconstructed Xmax. Instead, we de-
termined the systematic uncertainty of the method by comparing the reconstructed with the
true Xmax (figure 14). The standard deviation of the difference between the true and the
reconstructed Xmax is a measure for the systematic uncertainty of the method and is in the505

order of 25 g/cm2. Moreover, there is a slight bias depending on the primary mass. The mean
value of the proton and iron simulations is shifted against each other by about 10 g/cm2. This
means that the bias is small compared to the general systematic uncertainty and that the
total combined resolution of the method is . 30 g/cm2.
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Figure 15. Reconstructed atmospheric depth of the shower maximum, Xmax. As expected from
composition results of other experiments, the mean of the measured distribution is bracketed by the
simulations for the extreme cases of a pure proton and a pure iron composition. The width of the
measured distribution is significantly larger than the width for the simulations, which is mostly due
to the larger uncertainties, and partially because the real composition is mixed.

Finally, we have applied the reconstruction method not only to the simulations, but510

also to the LOPES measurements of the wavefront (figure 15). The mean of the measured
Xmax distribution is in between the extreme assumptions of a pure proton and a pure iron
composition, as expected for simulations compatible with the measurements. Unfortunately, it
is not possible to experimentally test the uncertainty of Xmax due to the lack of an independent
measurement for comparison. Moreover, we cannot determine the experimental uncertainty515

by error propagation, since the cross-correlation beamforming does not allow to determine
the uncertainty of the individually measured cone angles.

Nevertheless, the experimental uncertainty can be estimated from the width of the his-
togram in figure 15, since the measured Xmax distribution is a convolution of the true spread
in Xmax and the resolution. Results from Tunka indicate that the Xmax distribution around520

1017 eV could have a width in the order of 55 g/cm2 [37] which is consistent with a rough es-
timate based on the results shown in the reference [38]. Quadratically subtracting this width
from the measured width, we estimate the experimental precision for the Xmax reconstruction
based on the wavefront measurements with LOPES to approximately 140 g/cm2. Thus, the
total uncertainty at LOPES is large compared to the systematic uncertainty of the method525

itself, and consequently is dominated by measurement uncertainties.

5 Discussion

While the simulations provide clear results in all aspects applying the presented reconstruction
method, the measurements are limited by uncertainties and all observed correlations and
conclusions are significantly weaker than for the simulations. Nevertheless, the measurements530

are compatible with the simulations, and both support the two essential results of this analysis:
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• The radio wavefront is adequately described by a hyperbola, but neither by a plane nor
by a sphere, and at small distances even a cone is an insufficient approximation.

• The angle ρ of the asymptotic cone of the hyperbola depends on the shower development
and, thus, on the atmospheric depth of the shower maximum Xmax.535

While we are confident in the results on a qualitative level, the exact constant and even
the formulas for the dependence of ρ on Xmax and on the zenith angle θ might depend on many
details, in particular: the models and codes used for the simulations, the exact conditions
of the atmosphere during the development of a specific air shower, the altitude, geometric
configuration and the sensitive frequency band of the antenna array. However, compared to540

the achieved experimental accuracy, these will all be second order corrections. Consequently,
for this analysis we put the emphasis on the principle method. Nevertheless, the quantitative
details have to be studied when aiming at a higher accuracy.

A better experimental accuracy can likely be achieved by experiments in locations with
lower radio background. Moreover, the accuracy can be improved by denser arrays, like545

LOFAR [12], due to the better sampling of the wavefront, and by larger arrays, like AERA
[13] and Tunka-Rex [14], due to the larger lever arm for the determination of ρ. The latter
two radio arrays also feature a complementary Xmax measurement by other detectors, namely
air-fluorescence and air-Cherenkov measurements, respectively, which enable a direct test of
the radio measurement and a cross-calibration.550

The Xmax accuracy of better than 30 g/cm2 achieved for the simulations probably is
not yet the theoretical limit. On the one hand, it is optimistic, since the simulations do not
include uncertainties, neither for the timing nor for the geometry. On the other hand, the
precision still could be improved with a more sophisticated approach, e.g. better correction
and fit functions. In addition, the Xmax reconstruction could be based not only on the cone555

angle ρ, but also on the offset parameter b of the hyperbolic wavefront. Since, b and ρ show
some degree of correlation when letting both free in the wavefront fit, also b carries some
information on Xmax, which could be extracted in a more sophisticated approach.

Furthermore, the accuracy for Xmax could be increased with multivariate analyses. In
addition to the wavefront, also the frequency spectrum of the radio signal [18] and the lateral560

distribution [1, 17] depend on the shower development, and can be measured almost indepen-
dently from each other. A combination of several methods has not yet been performed, but
could be the next step. Since the wavefront reconstruction depends on time measurements,
and the lateral distribution on amplitude measurements, both methods access complimentary
information, and the combined accuracy should be better than the accuracy of each single565

method.
With LOPES, we already have reconstructed the shower maximum based on the lat-

eral distribution [17], and obtained a mean Xmax of 633 g/cm2 and an upper limit for the
reconstruction precision of approximately 90 g/cm2, while the mean Xmax with the wavefront
method is 658 g/cm2 and the reconstruction precision is approximately 140 g/cm2.570

The reason for the different precision could be that both methods (wavefront and lat-
eral distribution) suffer from the noise environment of LOPES, but the wavefront method
in addition suffers significantly from uncertainties of the shower geometry. The reason for
the difference in the mean Xmax might be explained by a systematic bias due to timing un-
certainties: in reference [39], it was shown for selected array geometries and positions of a575

radio source that in the presence of timing uncertainties, the reconstructed position of a point
source is biased towards smaller distance to the radio array. Probably, this effect also means
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that a timing uncertainty does not just enlarge the uncertainty of the cone angle ρ, but also
introduces a bias towards larger values of ρ. Still, this bias seems to be small compared to
the achieved precision.580

Last but not least, the accuracy for the mass composition could be enhanced by hybrid
measurements, in particular the combination of radio arrays with muon detectors. Since the
radio signal is emitted by the electromagnetic component of the air shower, it depends only
indirectly on the muonic component. Thus, a direct measurement of the muonic component
would contribute in a complementary way to the estimation of the type of the primary particle.585

The slight difference in the correlation of ρ and Xmax between proton and iron induced
showers probably means that also the radio signal is not totally independent of other shower
parameters apart from the energy and Xmax. But this dependence seems to be small compared
to the dependence on the shower maximum, and thus a complementary measurement should
add significant information.590

Likewise the small, but significant difference between proton and iron simulations in the
zenith dependency of ρ shows that the wavefront shape does not only depend on the geometric
distance to the shower maximum. The shower inclination affects the distance to the shower
maximum in the same way for all showers, independent of the primary particle. Thus, also
here the small difference between proton and iron showers expresses some sensitivity of the595

radio signal to other shower parameters than just the shower maximum. The reason could
be that the longitudinal development of iron showers is more compressed compared to proton
showers.

Finally, the radio wavefront can be used for other purposes than just the reconstruction
of the shower maximum. For example, it could be used to distinguish air showers from600

disturbances (RFI). While air showers have a hyperbolic wavefront, RFI sources, like air
planes, can be approximated as point sources and feature a spherical wavefront.

Another possibility would be to use the wavefront itself to better reconstruct the shower
geometry. Because the wavefront is symmetric around the shower axis, a precise measurement
of the wavefront could be used to reconstruct the axis and the shower core. In this respect,605

the wavefront is advantageous over the lateral distribution of the radio amplitude, since the
amplitude distribution is not symmetric, and the point of maximum amplitude is shifted
versus the shower core [20]. Thus, a measurement of the radio wavefront could also be used
to improve the reconstruction of the lateral distribution, and any consequent reconstruction
of the energy and the shower maximum.610

6 Conclusion

We presented a first systematic study of the radio wavefront based on LOPES measurements
as well as CoREAS simulations. It shows that the wavefront can be well described by a
hyperbola, which can be simplified to a cone for axis distances & 50m. The cone angle ρ
depends in first order on the distance of the shower maximum and can be used to reconstruct615

Xmax.
Following the prototype character of LOPES, we put the emphasis on outlining the

principle dependencies and the potential of this method in its simplest form. Improvements
are likely possible, and desirable to achieve the best accuracy for Xmax. At LOPES, how-
ever the accuracy is limited by large measurement uncertainties. Nevertheless, the CoREAS620

simulations indicate that the Xmax precision could be competitive with the currently best
methods, namely air-fluorescence and air-Cherenkov measurements, provided that the mea-
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surement uncertainties of the wavefront are small enough. Consequently, the prospects of
the wavefront method for Xmax reconstruction lies in its application at other radio arrays in
environments with lower radio background, like AERA, Tunka-Rex and LOFAR.625

The improved knowledge on the radio wavefront is beneficial also in other aspects: Ap-
plying the hyperbolic wavefront improves the reconstruction of the shower geometry, in par-
ticular the arrival direction, and potentially also the shower core. Now, in contrast to the
situation a few years ago, the reconstruction is no longer limited by the missing knowledge of
the correct wavefront [22]. Moreover, based on our measurements of the cone angle, it is pos-630

sible to estimate what the impact of a simplified wavefront in the radio reconstruction would
be. For example, in a plane wave reconstruction, the typical error on the arrival direction
would be in the order of ρ, i.e., for LOPES in the order of 1◦, and even larger for radio arrays
at higher altitudes, since they are closer to the shower maximum. Consequently, we consider
the correct shape of the wavefront an important input for any future radio measurements of635

air showers when aiming at highest possible precision.
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